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A modfied mean curvature flow 
in Euclidean space and soap bubbles 
in symmetric spaces 

Naoyuki Koike 


Abstract 

In this paper, we show that small spherical soap bubbles in irreducible simply 
connected symmetric spaces of rank greater than one are constructed from the 
limits of a certain kind of modified mean curvature flows starting from small 
spheres in the Euclidean space of dimension equal to the rank of the symmetric 
space, where we note that the small spherical soap bubbles are invariant under 
the isotropy subgroup action of the isometry group of the symmetric space. 
Furthermore, we investigate the shape and the mean curvature of the small 
spherical soap bubbles. 


1 Introduction 

Let / be an immersion of an n-dimensional compact oriented manifold M into an 
(n + l)-dimensional oriented Riemannian manifold {M,g). If / is of constant mean 
curvature, then f{M) is called a soap bubble. Soap bubbles in the Euclidean space 
have studied by many geometers. In 1989, W.T. Hsiang and W.Y. Hsiang ([HH]) 
studied isoperimetric soap bubbles in the product space x • • • x of 

hyperbolic spaces or x • • • x x where “isoperimetric” means 

that the soap bubble is a solution of the isopermetric problem. They proved that 
all isoperimetric soap bubbles in the product spaces are invariant under the isotropy 
subgroup action of the isometry group of the product space. Also, they ([HH]) 
proved that isoperimetric soap bubbles with the same constant mean curvature in 
(ci) X M are congruent. Furthermore, they found the lower bound of the constant 
mean curvatures of isoperimetric soap bubbles in (ci) x ( 02 ) or (ci) xM”^. 
In 1992, W.Y. Hsiang ([Hs]) found the lower bound of the constant mean curvatures 
of (not necessarily isoperimetric) soap bubbles in a rank I(>2) symmetric space G/K 
of non-compact type and, in the case where G/K is irreducible, he gave the explicit 
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description of the lower bound by using the root system of GjK. Furthermore, he 
proved that, for each real number b greater than the lower bound, there exists a 
iF-invariant spherical soap bubble of constant mean curvature b in GjK. 

In this paper, we introduce the notion of a weighted root system and define the 
modified mean curvature flow in a Euclidean space associated to the system. We 
show that the flows starting from small spheres exist in infinite time and converge 
to an embedded hypersurfaces in C'°°-topology. Furthermore, in the case where the 
system is one associated to an irreducible simply connected symmetric space of rank 
greater than one, we show that spherical soap bubbles in the symmetric spaces are 
constructed from the limit hypersurfaces of the flows starting from small spheres 
and investigate the shape and the mean curvature of the spherical soap bubbles. 

First we shall introduce the notion of a weighted root system. Let S = (E, (A, 
{ma I a G A},e)) be a system satisfying the following four conditions: 

(i) E is a /(> 2 )-dimensional real vector space equipped with an inner product 

(, ), 

(ii) A is a subset of the dual space V* of E and it is a root system of rank I in 
the sense of [He] (i.e., it is of type a/, bi, ci,bi, bc)^, eg (in case of I = 6), ey (in 
case of I = 7), es (in case of I = 8 ), €4 (in case of I = 4), g 2 (in case of I = 2)), 

(iii) rua (a G A) are positive integers and s is equal to 1 or —1. 

We call the system S a weighted root system and I the rank of the system. Denote 
by rank 5 the rank of S. Let W be the group generated by the reflections with 
respect to a“^(0)’s (a G A). We call W the reflection group associated with S. Let 
<Si = (E, (Aj, {ma I a G Aj}, 6 *)) (i = 1 , 2 ) be weighted root systems. If Si = 62 and 
if there exists a linear isometry <I> of Ei onto E satisfying 

(i) {a o <I> I a G A 2 } = Ai, 

(ii) = rUa (a G A 2 ), 

then we say that 5i is isomorphic to S 2 and call <I> an isomorphism of Si onto 62 - 
Let S = (E, (A,{ma|Q: G A},e)) be a weighted root systems. Let Sv{r) is the 
sphere of radius r centered at the origin in E. The reflection group IE preserves 
5y(r) invariantly and hence it acts on S'y(r). Let A+(c A) be the positive root 
system under a lexicographic ordering of V* and 5{£ A+) the highest root. See 
[He] about the definitions of the positive root system and the highest root. Define 
a positive number rs by 

■j-j-ryj- (in case of e = 1 ) 

ll<5|| 

00 (in case of e = — 1 ), 
where j j 5] j is the norm of 6 with respect to the inner product of V* induced from ( , ). 
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Let Bv{rs) be the open ball of radius rs centered at the origin in V and set Bs := 
Bv(rs) \ {0}. Fix r G ( 0 ,r 5 ). Denote by C^(Sv(r),V) (resp. C^(Sv(r), Bs)) 
the space of all VF-equivariant C'°°-maps from Sylr) to V (resp. B^) and by 
Imm^(5y (r), D) (resp. Imm^(S'v"(r), B 5 )) the space of all IF-equivariant C°°- 
immersions of ^^/(r) into V (resp. B^)- For (j) G Imm^(S'y(r), B 5 ), define a W- 
invariant function over Sv{r) by 


( 1 . 1 ) 


Ps,<p{Z) 


may/ea{v{Z)) 

tan(Vea(<(>(^)) 


(^ G 5y(r)), 


where iy(: S'v(r) —)■ 5^(1)) is the Gauss map of cf) (defined by assigning the outward 
unit normal vector of (/> at Z to each point Z of Sv{r)). Note that, if a((/>(Z)) = 0, 
then we have u{Z) = and hence implies p^. Dehne a map 

Ds from Imm^( 5 v(r),.B 5 ) to C'^{Sv{r),V) by 


( 1 . 2 ) 


Ds{4>) ■■= 


'L 


Sv(r) 


I A. 


+ Ps,^) dv^ 


Isvir) dVg 


- {\\^g4>\\+PS,4>) ^ 


for (j) G Imm^(5y (r), 55 ), where g is the IF-invariant metric on Sv{r) induced from 
( , ) by (/>, dv-^ is the volume element of g, Ag is the Laplace operator with respect 
to g and || • || is the norm of (•) with respect to ( , ). We consider the following 
evolution equation 

(E5) ^ = DsicPt) 

for a C'°°-family (pt in Imm^(5i/(r), il^). Since ||A^^i;/)t|| is the mean curvature 
of (f)t, this evolution equation is interpreted as a modified volume-preserving mean 
curvature flow equation in V, where gt is the VF-invariant metric on 5y(r) induced 
from ( , ) by i;At. Denote by the inclusion map of Sv{r) into V. It is clear that 
is IF-equivariant. 

First we prove the following result for the evolution equation {Eg). 


Theorem A. Let S = {V, (A, {ma \ a G A}, e)) be a weighted root system and Lr the 
inclusion map of Sv{r) into V. Then there exists a positive constant Rq smaller than 
^ such that, ifr < Rq, then the solution 4)1 of the evolution equation (E 5 ) satisfying 
the initial condition (pQ = uniquely exists in infinite time and (pu converges to a IF- 
equivariant C°°-embedding (poo of Sv{r) into B^ (in the C°°-topology) as t —)■ 00 for 
some sequence in [0,oo) with limj^ooL = 00. Furthermore, (pt (0 <t < 00) 

remain to be strictly convex and hence so is also (poo ■ 
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Let GjK be an irreducible simply connected rank /(> 2 ) symmetric space of 
compact type or non-compact type. A weighted root system of rank I is defined for 
G/K in a natural manner (see Section 3 ). We call this system the weighted root 
system associated with G/K and denote it by SQjx- Let SQjx = (Y-, (A, {rria \ a G 
A},e)), where we note that 

_ J 1 (when G/iL is of compact type) 

1 ^ —1 (when G/K is of non-compact type). 

The vector space V is identified with the tangent space T^kY of a maximal flat 
totally geodesic submanifold Y m G/K through eK, where e is the identity element 
of G. In the case where G/K is of compact type, T is identified with the quotient 
space V/Yi of y by a lattice 11 in y, and in the case where G/K is of non-compact 
type, it is identified with V oneself. For convenience, let 11 = { 0 } in the case where 

G/K is of non-compact type. Let W be the reflection group associated with Sq/k- 

Then it is shown that 11 is IT-invariant. Denote by tt the quotient map of V onto 
T/n = T and r{G/K) the injective radius of G/K. Note that r{G/K) = oo in the 
case where G/K is of non-compact type. It is easy to show that r{G/K) = rs^ij^- 
The main theorem in this paper is as follows. 


Theorem B. Let S = {V, (A,{ma | a G A},e)) and tr as in Theorem A. Assume 
that r < Rq and S is isomorphic to one associated to an irreducible simply connected 
rank l{> 2 ) symmetric space G/K of compact type or non-compact type, where Rq 
is as in Theorem A. Then the following statements (i) — (hi) hold. 

(i) The hypersurface M := K ■ n{(j)oo{Sv{r))) in G/K is a K-invariant strictly 
convex spherical soap bubble in G/K, where (/oo is as in Theorem A. 

(ii) Let C{<zV) be a Weyl domain (i.e., a fundamental domain of the reflection 
group W) and Oq the element of (0, ^) defined by 


9 o := max max max ZZ1OZ2 ( = max max max ZZ1OZ2 ) 

P .^iSPmax .^2 6G’min,Zi V ^ .^1 SPmin .^2 SPmax.Zi J 


where ZZ1OZ2 denotes the angle between OZi and OZ2, P moves over the Grass- 
mannian of all two-planes in V, Pmax (resp. Pmin) denotes the set of all the maximal 
(resp. minimal) points of the function ps^i^ over SyY) T G P (G : the closure 
of G) and Bmax,Zi(C Pmax) (resp. T’min,Zi(C Tmin)) denotes the set (which is at 
most two-points set) of all the maximal (resp. minimal) points neighboring Z\ in 
Sv(r) n G n P of the function. Then we have 


M C B 


cos 6*0 


\ B(r cos 0 o), 
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where B{r cos 6 q) (resp. B ()) is the closed geodesic ball of radius r cos 9q (resp. 
) in G/K centered at eK. 

(iii) Let r]ma.x d-nd rjram be the functions defined by 


??max(s) := max (ps^,^{Z) + - -3^ ] 

zeSvD V ^ J 


and 


r]min{s) := ^min ( PS,is(.Z) + 
ZGov[^) 


1-1 


Then the constant mean curvature Hm of M satisfies rjminir) < Hm < ??max(?’)- 


Remark 1.1. For convenience, denote by M{r) and H{r) the soap bubble M and 
the mean curvature Hm as in the statement of Theorem A, respectively. Since the 
volume of the domain surrounded by M(r) is strictly increasing (and continuous) 
with respect to r, it is shown that H[r) is strictly decreasing (and continuous) 
with respect to r. Easily we can show lim 77max(?’) = lim r/ min lr) = oo and hence 

r—>-0 r—>-0 

lim H(r) = oo. On the other hand, in the case where G/K is of non-compact type, 
we have 

lim r/max(r) = max m„|a(Z)|(=: 6max(G'/iF)) 

r^oo Ze5v{l) ^ 

qEA+ 

and 

hm rirain{r) = min mo,\a{Z)\{=\ bmm{G/K)). 

r^oo ZeSvil) , 

qGA+ 


Hence we obtain 

b^ir,{G/K) < lim H{r) < b^^^{G/K). 


By using (ii) of Theorem B, we can derive the following result. 


Corollary C. Under the hypothesis of Theorem B, set 


Then we have 


^G/K ■= max _ZZiOZ 2 . 
iZi,Z2)eSv{r)r\C 


M C B 


cos 9, 


G/K 


\ B{r COS 9g/k)- 


In particular, we obtain the following result in the case where G/K is of rank 
two. 
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Corollary D. Under the hypothesis of Theorem B, assume that the rank of GjK 
is equal to two. Then we have 


M C < 


B{V2r)\B 



(A : (a2)-type or (g2)-type) 
(A : (b2)-type). 


According to Corollary D, when the root system of G/K is of type 02, 
is as in Figure 1 for example. 



The six corners of (f>oo{Sv{‘^)) are smooth. 
The six edges of 0oo(5'v(r)) are curved. 

Figure 1 . 


2 The volume-preserving mean curvature flow 

In this section, we shall recall the definition of the volume-preserving mean curvature 
flow and the result of N.D. Alikakos and A. Freire ([AF]) for this flow. Let M be an 
n-dimensional compact oriented manifold, {M,g) be an (n +l)-dimensional oriented 
Riemannian manifold and / an immersion of M into M. Also, let {ft}t&[o,T) ^ 

( 7 °°-family of Immersions of M into M, where T is a positive constant or T = 00. 
Define a map F : M x [0, T) —)■ M by F{x,t) = ft{x) {{x,t) £ Af x [0,r)). Denote 
by ttm the natural projection of M x [ 0 ,T) onto M. For a vector bundle E over 
M, denote by vr^F the induced bundle of E by ttm- Denote by gt and Nt the 
induced metric and the outward unit normal vector of ft, respectively. Also, denote 
by Ht the mean curvature of ft for —Nt- Define the function H over M x [ 0 ,T) by 
■= {Ht)x {{x,t) e M X [ 0 ,T)), the section g o£7r^(r(0’2)M) by g(^x,t) ■= { 9 t)x 
i{x,t) G M X [ 0 ,T)) and the section N of tt\j{TM) by •= {F[t)x {{x,t) G 


6 





M X [0,T)), where is the tensor bundle of (0, 2)-type of M and TM is the 

tangent bundle of M. The average mean curvature H{: [0, T) —)■ R) is defined by 

-TT Im ^tdVgt 
1 m dvgt 

where dvg^ is the volume element oi gt- G. Huisken ([Hu3]) called the flow {ft}te[o,T) 
a volume-preserving mean curvature flow if it satisfies 




He studied this flow in [Hu3]. Along this flow, the volume of {M,gt) decreases but 
the volume of the domain Df surrounded by Mt := ft{M) is preserved invariantly. 
In particular, if /^’s are embeddings, then we call rather than {ft}t&[o,T) 

a volume-preserving mean curvature flow. 

Assume that M is compact. Let 5 be a geodesic sphere in M such that, for 
any pointy of the domain surrounded by S, S lies ii^ geodesically convex domain 
of p (in M), and ls the inclusion map of S into M. Then, according to Main 
Theorem of [AF], it is shown that, if S' is a small geodesic sphere of radius smaller 
than some positive constant among the above geodesic spheres, then for any strictly 
convex C°°-embedding f of S into M which is sufficiently close to is, there exists 
the volume-preserving mean curvature flow ft starting from / in infinite time, each 
ft is strictly convex and ft^ converges to a strictly convex C'°°-embedding /oo of 
constant mean curvature (in C'°°-topology) as i —)■ oo for some sequence with 

limj^ooL = CO- Furthermore, if all critical points of the scalar curvature functions 
of ft’s are non-degenerate, then ft converges to the embedding /oo (in C'°°-topology) 
as t —)• CO. Note that the positive constants dt and St {i = 0,1,2, 3) in the statement 
of Main Theorem of [AF] are taken as 


<^3 < <^2 < di/2 < (Jo/4 and e^, < £2 < ei/2 < eo/4 


(see P258,291 and 296 of [AF]) and that (Jq and Sq are taken as in P257 of [AF]. By 
the compactness of M, the existenceness of the positive constant (Jq in Page 257 of 
[AF] is assured. Hence the existencenesses of 5i {i = 1,2,3) also are assured. In the 
case where M is homogeneous, it is clear that their existencenesses are assured even 
if it is not compact. Hence the statement of Main Theorem of [AF] is valid in the 
case where M is a (not necessarily compact) homogeneous space. Also, we note that 
the statement of Main Theorem of [AF] does not hold without the assumption that 
/ is sufficiently close to is- For example, in the case where f is a strictly convex 
embedding of a small geodesic sphere S into M = S'"'+^(l) (which is not close to 
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Ls) as in Figure 2, the volume-preserving mean curvature flow ft starting from / 
(0 < t < oo) does not remain to be strictly convex. This fact is stated in Remarks 
of Page 38 of [Hu3]. 

./(5) (strictly convex) 

/ fti^) strictly convex) 


f is not close to ls- 

Figure 2. 

3 The mean curvatures of hyper surfaces invariant under 
the isotropy action 

Let G/K be an irreducible simply connected symmetric space of compact type or 
non-compact type. In this section, we shall first define the weighted root system 
associated with G/K. Set n ;= dim(G/iL) — 1 and I := rank(G/iL). Let g (resp. 
I) be the Lie algebra of G (resp. K) and g = I -|- p the canonical decomposition 
associated with the symmetric pair (G, K). The space p is identified with the tangent 
space TexiG/K) of G/K at eK, where e is the identity element of G. Take a 
maximal abelian subspace a of p. Let A(c a*) be the (restricted) root system of 
the symmetric pair (G, K) with respect to a and pa the root space for a G A. See 
[He] about the definitions of these notions. Then we have the following root space 
decomposition: 

p = a©( © Pa), 

V«eA+ J 

where A_|_ is the positive root system under some lexicographic ordering of a*. Set 
rria := dimpa (a G A). Let W be the Weyl group of G/K with respect to a (i.e., the 
group generated by the reflections with respect to the hyperplanes q;“^(0)’s (a G A) 
in a), which acts on a, G(c a) be a Weyl domain (i.e., a fundamental domain of the 
action IF rv o) and 5'o(r) be the sphere of radius r centered at the origin 0 in a. The 
isotropy group K acts on G/K naturally. This action is called the isotropy action 
of G/K. Denote by exp the exponential map of G and Exp the exponential map of 
G/K at eK. Set T := Exp (a), which is a maximal flat totally geodesic submanifold 
of G/K. Note that T is identified with the quotient o/H by a IF-invariant lattice 
n in 0 in the case where G/K is of compact type, and it is identified with o oneself 




in the case where GjK is of non-compact type. Set 


J 1 (when GjK is of compact type) 

( —1 (when GjK is of non-compact type). 


Then the system S := (o, (A, {nia \ a G A},e)) is a weighted root system. We call 
this system the weighted root system associated with G/K and denote it by Sq/k- 
Next we shall describe explicitly the mean curvatures of iiT-invariant hypersur¬ 
faces in G/K in terms of the roots. As a special case, those of geodesic spheres 
in G/K are described explicitly. Let be a TT-invariant star-shaped hypersur¬ 
face (at the origin 0) in a. Assume that, in the case where G/K is of compact type, 
max^gAfo d(0, Z) is smaller than the injective radius r{G/K) of G/K, where d is the 
Euclidean distance of a. Set Mj- := Exp(M“) and M := K-M'y{= Ar-(Exp(M“nC')). 
Note that Mj- and M are hypersurfaces in T and G/K, respectively. Denote by N 
the outward unit normal vector field of M(c G/K), and A and H the shape oper¬ 
ator and the mean curvature of M(c G/K) for the inward unit normal vector field 
—N, respectively. Also, denote by and Hj- those of M'f{c T) for the inward 
unit normal vector —N\mj-j respectively, and A and H those of M'^{c a) for the 
inward unit normal vector, respectively. Take any Z G M“ n G. Denote by Lz the 
iL-orbit K ■ Exp Z, which is a principal orbit of the iL-action because Z £ G. We 
have 

TexpzLz = (exp Z)^ ( © pa 

\aeA+ 

Denote by A^ the shape tensor of Lz{<Z G/K). Take Xa G pa (a G A+). Then we 
have 



(3.2) 


^^Bxpz((6^P Z)^Xa) = 


^/ea{{ex.p Z)^ H^Expz)) 
tan{^/ea{Z)) 


(exp Z)^Xa 


by suitably rescaling of the metric ol G/K (see [GT],[K1],[K2]), where tan(vTQ(g)) ~ 
0 in case of y/ea{Z) = In the sequel, we give G/K this rescaled metric. The 
vector field N\lz is a iL-equivariant normal vector field along Lz- Hence, since 
the iL-action is a hyperpolar action, it is a parallel normal vector field of Lz (see 
Theorem 5.5.12 of [PT]). Hence, we have 

(3-3) ^^ExpCz) = -^ExpzItbxpzLz, 

where we note that Asxp z denotes the value of A at Exp Z. In the sequel, we express 
AexpZ as A for simplicity. From (3.2) and (3.3), we obtain 

.N Au ^ \/ea((exp Z)71 (Aexpz)), ,7, 

(3.4) .4((exp Z).X„) =- 
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Take Xq Go© Span{A^Expz}- Since T is totally geodesic in GfK, we have 
(3.5) A((exp Z)*Xo) = yl^((exp Z)^Xo) = (exp Z)^{AXo). 


From (3.4) and (3.5), we obtain 


.f^Exp Z — ^ ^ 


may/ea{{exp Z)^ H^Expz)) 
tan(y^a(Z)) 


+ Hz (ZGM^nC). 


Take any Z' G n dC, where dC is the boundary of C. Set A^' := {a G 
A_|_ I a{Z') = 0}. Then it follows from (3.6) and the continuity of H that 


(3.7) 

aeA+\A:2' 


ma^/ea{{e^p ^Q^H^ExpzQ) 
tan(y^a(Z')) 


rUa + Hz', 


where we note that (exp Z')^ ^{X-ExpZ') = ■ The hypersuface M is of constant 

mean curvature k if and only if i^ExpZ = k {Z £ M“) because M is iF-invariant. 
We consider the case where G/K is of rank two. Let c : [0,6) —)■ o be the curve 
parametrized by the arclength whose image is equal to M“, where 6 is the length of 
M“. Then it follows from (3.6) that M is of constant mean curvature k if and only 
if the following relation holds; 


may/ea{c!'{s)/\\(^’{s)\\) „ 

^ tan(Vea(c(s))) 


(s G [0,6)). 


This relation is equivalent to the relation (26) of [Hs, Page 164]. W.Y. Hsiang ([Hs]) 
derived some facts by using the relation (26). 

In particular, we consider the case where M is a geodesic sphere. Let S{r) 
be the geodesic sphere of radius r(> 0) centered at eK and Sa{r) the sphere of 
radius r centered at the origin 0 in o. Assume that r is smaller than the first 
conjugate radius of G/K in the case where G/K is of compact type. Then we have 
S{r) = K ■ (Exp(5a(r) n G)). Denote by the outward unit normal vector of 
S{r) and the mean curvature of S{r) for —N^. Take any Z G Sa{r) n G. Since 
(A^^)expZ = y(exp Z)^{Z), it follows from (3.6) and (3.7) that 

- {Z£Sa{r)r^G) 


{Z G 5a(r)nac). 
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4 Proof of Theorem A 


In this section, we shall prove Theorem A stated in Introduction. We use the 
notations in Sections 1-3. Let S = {V,{A,{ma\a G A},e)), (jit and be as in 
the statement of Theorem A. Assume that there exists a solution (jit {t G [0,T)) 
of the {Eg) satisfying c/iq = ir- Denote by gt and the induced metric and the 
outward unit normal vector of (pt, respectively. Also, denote by ht and At the 
second fundamental form and the shape operator of 4>t for —ut, respectively. Define 
the sections 5 (resp. h) of 7r*^(^)(r(0’2)5y(r)) hyg(^^^t) ■= {dt)x (resp. h(^^^t) ■= {ht)x) 
{{x, t) G Sv{r) X [0, T)), where TTSyir) denotes the natural projection of (r) x [0, T) 
onto Sv{r). Also, denote by V* the Riemannian connection oigt and Ag^ the Laplace 
operator with respect to gt- Define a function ft {t G [0,T)) over S'y(r) by 

rt{Z):=\\MZ)\\ (ZeSvir)) 


and a diffeomorphism ft of S'y(r) by 


Ct{Z) := 


rMZ) 

mz)\\ 


{z G Sv{r)). 


Then we can derive the following fact for the evolution of ft. 


Lemma 4.1. The functions {ft}te[o,T) satisfies the following evolution equation: 


(4.1) 


/ Isvir) + Ps,^t) dVg, 

V Isvir)^^9t 

^ _ ft • ||ct=>(gradtft)|| _ 

^/11 gradtft 11 + f| 11 ct* (gradtft) 11 ^ 


“ iW^gAtW + PS,4>t) 


Proof. By a simple calculation, we have 

df" 1 

at rt 

_ nSv{r)^\^9M\+ PS,-t>t) dVgt 

~ V ^Sv{r) dVgt 

X- - - 

n 


l^gAtW + PS,<f,t) 
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Also, by a simple calculation, we have 


t'i = 


llgradjftll^ 


cu (grad^ft) 11 \ \ grader* \\‘^+ rl\\cu (gr ad^ n) 11 2 

_ ||cfa(gradtft)|| _ 


ct*(gradift) 


\/11 grad^ft 11 + f| 11 ct* (gr ad^ft) 11 2 
From these relations, we obtain the desired evolution equation. 

The following evolution equation holds for ht- 

Lemma 4.2. The families {ht}t^[o^oo) satisfies 

ffh ^ ^ ^ ^ 

— -A^^ht = V^d{ps,^,) + TriA^,)ht 

fsv(r) + PS,<pt) dVg^ 


q.e.d. 


+ 


Ssvir) ^^3* 




Proof. For simplicity, set Hf := ||Agj0t|| + and 

jjS Isvir) {W^gtM + Ps,4>t) dVg, 
fsv(r) 

By a simple calculation, we have 

— = V^dfff + (Iff - Hf)ht(A*,*). 

Also, by using the Simon’s identity, we have 

Ag^ht = V^dHt + HMAf, .) - Tr(Al)ht. 

From these relations, we obtain the desired evolution equation. q.e.d. 

Also, we prepare the following lemma, which will be used in the proof of the 
statement (hi) of Theorem B. 

Lemma 4.3. Let and Hf be as in the proof of Lemma 4.2. The family 
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{//f }tg[o^oo) satisfies the following evolution equation: 


(4.2) 


dH^ 

~dr 


- = E 

«eAj 


ma\/£a{4>t* (gradjj i/f)} 


+{Hf - 

oeA+ 


tan(^(ao 

mgy/e'^ia o ut)‘^{3cos‘^{y/e{a o (/>t)) - 1) 
sin2(^(Q;o cpt)) 


Proof. The family {?t}tg[o,oo) satisfies 

^ = 2(Hf - Hf)ht. 

From the evolution equation in Lemma 4.2 and this evolution equation, we have 


dH^ 

~dr 




11^ + mf - Mf)Tr{Al). 


On the other hand, we have 


dps,<pt _ ( {Hf - Hf )yfe‘^{aoiyt? V£«(<(>fa(grad^t-^f)) \ 

dt sin^i^/eiao (j)t)) tan{^/e{a o (^t)) j' 


From these relations, we can derive the desired evolution equation. q.e.d. 


By using Lemmas 4.1 and 4.2, we shall prove Theorem A. 

Proof of Theorem A. Since Lt ;= 4>t{Sv{r)) {t G [0, T)) are IF-invariant, their 
barycenter are equal to the origin 0 of F. Hence the barycenter ^(t) of Lt is equal 
to the origin 0 of H and the diffeomorphisms e{t) in the barysentric system (3.1) 
in Page 288 of [AF] are regarded as the identity transformation of ^^/(l) under the 
identification of TqV and V. Hence the left-hand sides of the first and the second 
relations in (3.1) are equal to zero. On the other hand, it is clear that the right-hand 
sides in the first and the second relations are equal to zero in our setting. Thus the 
first and the second relations in (3.1) (of [AF]) are trivial. Also, it is easy to show 
that (4.1) corresponds to the third relation in (3.1) (of [AF]), where we regard ft 
as a function over S'y(l) under the natural identification of S'y(r) and ^^/(l). Here 
we note that the term E in the right-hand side of (3.1) (of [AF]) vainishes in our 
setting beacuse E is defined by E = {w, v — e) in Page 283 of [AF] and, in our 
setting, w is equal to 0 by the H^-invariantness of ft- According to Lemma 3.6 of 
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[AF], there exists a positive constant Rq such that, if r < Rq, then the solution rt 
of the evolution equation (4.1) satisfying the initial condition fo = r uniquely exists 
in infinite time. According to the discussion in Page 299(Line 3 from the bottom)- 
300(Line 8 ) of [AF], rt^ converges to a IF-equivariant C'°°-function foo over ^^/(l) (in 
the C'°°-topology) as t —)■ oo for some sequence in [ 0 , oo) with limj^oo L = oo. 

This fact implies that the solution (/)t of (Es) satisfying cpQ = exists uniquely in 
infinite time and that (l)ti converges to a IF-equivariant C'°°-embedding (^oo of Sv{r) 
into V (in the C'°°-topology) as i —)■ oo. The positive constant ^3 (which corresponds 
to the above Rq) in Lemma 3.6 of [AF] is smaller than the positive constant 62 in 
Lemma 3.2 of [AF] , 82 is smaller than the half of the positive constant (5i(= 6 m) in 
Lemma 1.1 of [AF] and (5i is smaller than the half of the positive constant 5o defined 
in Page 257 of [AF]. Also, according to the definition of (5o (see P257 of [AF]), we see 
that the positive constant corresponding to (5o is equal to ^ in our setting. Thus Rq 
is smaller than Denote by P{ht) the right-hand side of the evolution equation 
in Lemma 4.2. Assume that v G ¥^eT{ht)z- We may assume that Z G Sv{r) H C 
without loss of generality. Then we have 

(4.3) P(ht)z{v,v) = {V^d{ps^^J)z{v,v). 


Let 7 be the V*-geodesic in Sv{r) with 7 ^( 0 ) = v. Then we have 




(V d{ps,<j>t))z{v,v) = 



s=0 






+ 


\/e^a(i/t(Z))a(V'^J°^ </>t*(y(s))) 

__ 

sin^ {y/ea{4it{Z))) 

2y/e^a{(pt*{v))'^a{i^t{Z)) 

siiP{y/ea{(j)t{Z)))tan{y/ea{(f)t{Z))) 


{y/ea{(f>t{Z))) 


aeA+ 


^/ea{4't*{(ylAt){v))) - ht{At{v),v)a{vt{Z)) 


tan(\/ea((/)t(Z))) 
2£a{(t)t{Z))a{())u{At{v))) £a{ut{Z))^ht{v,v) 


+ 


sin^ {^/ea{<j)t{Z))) 
2^/e^a{(pt*{v))‘^a{l^tiZ)) 
sm‘^{^/ea{4>tiZ)))t&n{^/ea{4lt{Z))) 


sm^{^/£a{(pt{Z))) 


where (resp. is the pullback connection of the connection V of 17 by 
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4>tO'y (resp. i/fO^). Hence, since v G Keiht, we obtain 


(4.4) 


{V*d{ps,<f,t))z{v,v) 


'niay/^ 

X (a(,/.t,((V(,lt)(n))) + 


2sa{(pt*{v)fa{i^t{Z)) \ 
siii^i^/eaiiptiZ))) ) 


According to the proof of Lemma 3.6 of [AF], we may assume that 
sup |||(/)t(Z)|| < iio, sup \\4>t*{At{v))\\ < Si 

tS[0,oo) tS[0,oo) 


and 

sup ||(^t*(u)|| < ||u|| + 62 

tS[0,oo) 

for sufficiently small positive constants Si and 62 , where we note that the statement 
of Lemma 3.6 is done in the space Wj,. See Page 251-252 of [AF] about the definition 
of IF^, where we note that T = 00 according to the statement of this lemma. By 
imitating the discussion in the proof of Lemma 8.3 of [Hul], it follows from the 
above second inequality that 

sup \\(pt*{i'^iAt){v))\\ < e'l, 

t£[0,oo) 


where e'l also is a sufficiently small positive constant because Si is sufficiently small. 
Also, we see that a{vt{Z)) > 0 (t G [0,oo)) because the statement of Lemma 3.6 is 
done in the space 1F“. Hence, by taking Rq as a sufficiently small positive constant, 
we can show that the right-hand side of (4.4) is greater than or equal to zero in all 
times. Hence we have P{ht)z{v,v) > 0 (t G [0,oo)). Therefore, since cpo = ir is 
strictly convex (i.e., ho > 0 ), it follows from the maximum principle that ht > 0 , 
that is, (^t is strictly convex for all t G [0, 00 ) and hence so is also (poo- This completes 
the proof. q.e.d. 


5 Proof of Theorem B 

In this section, we shall prove Theorem B stated in Introduction. We use the no¬ 
tations in Sections 1-4. Let S = (F, (A,{ma|a G A}, 6)), (pt and ir be in the 
statement of Theorem B. 

First we shall prove the statement (i) of Theorem B. 

Proof of (i) of Theorem B. Let (pt {t G [0,oo)) be the solution of (Es) satisfying 
(pQ = ir- The existence of this flow is assured by Theorem A. Define a map ft of the 
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geodesic sphere S{r) := K ■ 7r(5\/(r)) in G/K into G/K by 


(5.1) ft{k7T{Z)) := kTTiUZ)) {kGK,ZGSv{r)). 

Denote by Nt the outward unit normal vector field of ft and At, Ht, Ht the shape 
operator, the mean curvature and the average mean curvature of ft for the inward 
unit normal vector field —Nt, respectively. According to (3.6), we have 

(5.2) {Ht-Ht)Nt0 7,\s^(^^ = Ds{(l^t), 

where we use the fact that ||Ag^(/>t|| is the mean curvature of (ft- Here we note that 
{{Ht- Ht)Nt)x G Tf^(x)T{= a = V) {x e 7r{Sv{r))) and hence {Ht- Ht)NtOTT\s^(^^) 
is regarded as a map from Sv{r) to V. Since (ft {t G [0,oo)) is the solution of 
{Es) starting from it follows from (5.2) that {ft}t&[o,oo) is the volume-preserving 
mean curvature flow starting from the inclusion map Ls{r) ■ S{r) ^ GfK. Hence, 
since r < i?o by the assumption, it follows from Theorem A that (fa converges to a 
strictly convex embedding (foo (in C'°°-topology) as i —)• oo for some sequence 
in [0, oo) with limj^oo = oo and that (ft (0 < f < co) remain to be strictly convex 
and hence so is also (foo- Let foo be the map the geodesic sphere S{r) into G/K 
defined as in (5.1) for (foo instead of (ft- Since (foo is strictly convex, it follows from 
(3.4) and (3.5) that so is also foo- Also, since {ft}te[o,oo) is the volume-preserving 
mean curvature flow, it follows from Main theorem of [AF] that foo is of constant 
mean curvature. This completes the proof. q.e.d. 

To prove the statements (ii) and (iii) of Theorem B, we prepare the following 
lemma. 


Lemma 5.1. Let (resp. be one of maximum (resp. minimum) points 

of Ps,Lr (hence Hq o Then the curves t e-)- (ft{Z™^^) {t G [0, oo)) and 

1 (/)t(Z™“) {t G [0,oo)) are described as 


(5.3) 







Ht{x{Z'^^^)))d^ Z^^^ 
Ht{7r{Z'^^)))d?j 


{t G [0,oo)), 
{t G [0,oo)). 


Proof. Denote by gt and vt the induced metric and the outward unit normal vector 

dv 

field of (ft, respectively. First we shall calculate —. Since {i't,r't) = I, we have 
{^,vt) = 0. Hence {^)z is tangent to (ft{Sv{r)) at (ft{Z) for each Z G Sv{r)- 
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Fix (Zo,to) £ Sv{r) x [0,oo). Let {ei}\^ be an orthonormal base oiTz^Svir) with 
respect to i^to)zo and e* the tangent vector field of Sy{r) x [0, oo) along {Zq} x [0, oo) 
defined by iei)(^Zo,t) ■= G {^ 0 } x [0,oo)), where {ei)fzo,t) 

horizontal lift of Cj to {Zq, t) (with respect to the natural projection of Sv{r) x [0, 00 ) 
onto Sv{r)). Then we have 



i-i 


= -'^{Mzo,ei{Hto - {Hto o TT\s^(r))){’^to)zo)(l)to*{ei) 

i=l 

1-1 

— {HtQ ° '^\sv{r))4'to*i^i) 

i=l 

1-1 

= '^9to{igrad^,^{Hto o Tr\sy(r)))zo,ei)(j)to*{ei) 
i=l 

= (</'to)*((grad^to(^to °^lsv(r)))zo), 
where we use [^, 6 *] = 0. 

Now we shall derive (5.3) in terms of (5.4). It is clear that there exists a C°°- 
curve t !-)• {t G [0,^)) such that and that Z™'^^ is a maximum 

point of Ht o for each t G [0,£), where e is a positive constant. Similarly, 

there exists a C'^-curve t i-)- Z™“ {t G [0,e)) such that Z™“ = Z™“ and that 
Z™™ is a minimum point of Ht o 7r|5^(,,) for each t G [0,Z), where Z is a positive 

constant. According to (5.3), for each to G [0,e), < 0 z;r is 

a minimum point of Z 1 —)■ On the other hand, according to (5.4), we 

have = 0, that is, (t't)^™ = (i/o)zmax {t G [0, e)). From these facts, we 

can derive that (/>t(Z™®'^) = Ai(t)Z™®'^ {t G [0,e)) for some positive funcion Ai over 
[0,e) and that Z™®'^ = Z™^^ {t G [0,e)) holds. Similarly, we we can show that 
0 ^(Zmm) _ ^ 2 (t)Z™“ {t G [0,e)) for some positive funcion A 2 over [0,Z) and that 


17 



Z™in = £ [0, e^)) holds. Hence it follows from (5.3) that 

^ \ 1 

m = _ (H, _ H,(^(Z”“))) , 

and 

f)\ 1 

^ - (77, - J7,(,r(Z"'“))) . 

Therefore we can derive 

J {t G [0,s)) 

= (l + J l\Ht - Ht{7r{Z^n))dt^ it G [0,e)). 

It is easy to show that these relations hold over [0,oo). This completes the proof. 

q.e.d. 

According to this lemma, in the case where A is of type ( 02 ), the flow (ptiSvir)) 
is as in Figure 3 or 4 for example. By using this lemma, we prove the statements 
(ii) and (hi) of Theorem B. 

Proof of (ii) and (hi) Theorem B. Let P be a two-plane in V with Pmax / 0 and 

Pmin / 0- Take Z'^^^ G Pmax and Z'^™ G PminZ“ax. According to Lemma 5.1, 

-> -T 

0 ^(^max) (j)^[Z™'^) are as in (5.3). Let 9 be the angle between and 0Z™“. 

From the convexity of (ptiSvir)), we can derive that the part between (pt{Z'^^^) and 
(pt{Z™''^) of the curve (poo{Sv{f)) n P n C is included by \ Byir cosO)) n 

P n C* (see Figure 5). From this fact and the definition of 6 q, we can derive M C 
B ( cos 6 >o ) \ B{r cosOq). Thus the statement (ii) of Theorem B follows. Since r is a 
sufficiently small positive constant smaller than Rq, max^^^j-^) rt is sufficiently small 
for all t G [0,oo). Hence we have 2) cos^i^/eia o (pt)) > 1 for all t G [0,oo). Therefore, 
according to the maximum principle, it follows from the evolution equation (4.2) 
for Hf that Hi < Hf < max 5 ^(^) Hq ^ which implies that min 5 (^) < 

Ht < max 5 '(^) and hence min 5 '(^) < Hm < H''. On the other hand, 

according to (3.8), we have T/ min (r) < < r? max (r). Therefore we obtain T/ min (r) < 

Hm < Vraa.A'I")- q-^-d. 
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Figure 3. 



The case where A is of type ( 02 ). 


Figure 4. 
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Sv{r)nP 



Figure 5. 

Proof of Corollary C. Let 6 q be as in the statement (ii) of Theorem B. Clearly we 
have 00 < ^gIK- Hence we obtain the desired inclusion relation from (ii) of Theorem 

B. q.e.d. 


Proof of Corollary D. Since G/K is of rank two, we have 

(when the root system of G/K is of type 02 ) 

(when the root system of G/K is of type 62 ) 

(when the root system of G/K is of type g 2 )- 

of type ( 02 ), it is symmetric for two simple roots with 

considering the multiplicities. Hence, in this case, it follows that 9q in Theorem B 
are smaller than or equal to the half of 9qik{= the half of the length of ^^/(l) n C), 
that is, they are smaller than or equal to ^ (see Figure 6 ). Therefore, from (ii) of 
Theorem B, we obtain 


" TT 

ec,K = \ I 
6 

In the case where A is 


M C < 


B{V2 r)\B 



(A : (a 2 )-type or (g 2 )-type) 
(A : (b 2 )-type). 


q.e.d. 
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Figure 6. 
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